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Abstract
Equitable list arboricity, introduced by Zhang in 2016, generalizes the notion of equi-
table list coloring by requiring each color class to be acyclic (instead of an independent
set) in addition to the usual upper bound on the size of each color class. Graph G
is equitably k-list arborable if an equitable, arborable list coloring of G exists for every
list assignment for G that associates with each vertex in G a list of k available colors.
Zhang conjectured that any graph G is equitably k-list arborable for each k satisfying
k ≥ ⌈(1 + ∆(G))/2⌉. We verify this conjecture for powers of cycles by applying a new
lemma which is a general tool for extending partial equitable, arborable list colorings.
We also propose a stronger version of Zhang’s Conjecture for certain connected graphs:
any connected graph G is equitably k-list arborable for each k satisfying k ≥ ⌈∆(G)/2⌉
provided G is neither a cycle nor a complete graph of odd order. We verify this stronger
version of Zhang’s Conjecture for powers of paths, 2-degenerate graphs, and certain other
graphs. We also show that if G is equitably k-list arborable it does not necessarily follow
that G is equitably (k+1)-list arborable which addresses a question of Drgas-Burchardt,
Furman´czyk, and Sidorowicz (2018).
Keywords. graph coloring, list coloring, equitable coloring, arboricity.
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1 Introduction
In this paper all graphs are nonempty, finite, simple graphs unless otherwise noted. Gen-
erally speaking we follow West [25] for terminology and notation. The set of natural numbers
is N = {1, 2, 3, . . .}. For m ∈ N, we write [m] for the set {1, . . . ,m}. If G is a graph and
S,U ⊆ V (G), we use G[S] for the subgraph of G induced by S, and we use EG(S,U) for the
subset of E(G) with at least one endpoint in S and at least one endpoint in U . If an edge
in E(G) connects the vertices u and v, the edge can be represented by uv or vu. We use
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α(G) and ω(G) for the size of the largest independent set and the size of the largest clique
in G respectively. For v ∈ V (G), we write dG(v) for the degree of vertex v in the graph
G, and we use ∆(G) for the maximum degree of a vertex in G. We say G is k-degenerate
when every subgraph of G has a vertex of degree at most k. We write NG(v) for the neigh-
borhood of vertex v in the graph G. Also, Gk denotes the kth power of graph G (i.e. Gk
has the same vertex set as G and edges between any two vertices within distance k in G).
When G1 and G2 are vertex disjoint graphs we use G1 + G2 to denote the disjoint union
of G1 and G2. If P is a path, V (P ) = {v1, . . . , vn}, and two vertices are adjacent in P if
and only if they appear consecutively in the ordering: v1, . . . , vn, then we say the vertices
are written in order when we write v1, . . . , vn. If C is a cycle, V (C) = {v1, . . . , vn}, and
E(C) = {{v1, v2}, {v2, v3}, . . . , {vn−1, vn}, {vn, v1}}, then we say the vertices are written in
cyclic order when we write v1, . . . , vn.
In classical vertex coloring, a proper k-coloring of graph G is a function f : V (G) → A
where A is a set of colors of size k and f(u) 6= f(v) whenever uv ∈ E(G). For each c ∈ A we
say that f−1(c) is the color class of f corresponding to c. Clearly, f−1(c) is an independent
set in G. In this paper we study a variant of classical vertex coloring called equitable list
arboricity which was introduced by Zhang [28]. This notion combines the notions of equitable
coloring, list coloring, and vertex arboricity. So, we begin by briefly reviewing these notions.
1.1 Equitable Coloring and Equitable Choosability
Equitable coloring is a variation on classical vertex coloring that was formally introduced
by Meyer in the 1973 [20] (though the study of equitable coloring began in 1964 with a
conjecture of Erdo˝s [10]). An equitable k-coloring of a graph G is a proper k-coloring of G
such that the sizes of the color classes differ by at most one (where a proper k-coloring has
exactly k color classes). In an equitable k-coloring, it is easy to verify that the color classes
associated with the coloring are each of size ⌈|V (G)|/k⌉ or ⌊|V (G)|/k⌋. We say that a graph
G is equitably k-colorable if there exists an equitable k-coloring of G.
Unlike classical vertex coloring, increasing the number of colors can make equitable col-
oring more difficult. Indeed for any m ∈ N, K2m+1,2m+1 is equitably 2m-colorable, but it
is not equitably (2m + 1)-colorable. In 1970, Hajna´l and Szemere´di [12] proved the 1964
conjecture of Erdo˝s: every graph G has an equitable k-coloring when k ≥ ∆(G) + 1. In
1994, Chen, Lih, and Wu [5] conjectured that the result of Hajna´l and Szemere´di can be im-
proved by 1 for most connected graphs by characterizing the extremal graphs as: Km, C2m+1,
and K2m+1,2m+1. Their conjecture is still open and is known as the ∆-Equitable Coloring
Conjecture (∆-ECC for short). It has received considerable attention in the literature (see
e.g., [5, 8, 9, 17, 18, 27]).
List coloring is yet another variation on classical vertex coloring, and it was introduced
independently by Vizing [24] and Erdo˝s, Rubin, and Taylor [11] in the 1970s. For list coloring,
we associate with graph G a list assignment, L, that assigns to each vertex v ∈ V (G) a list,
L(v), of available colors. Graph G is said to be L-colorable if there exists a proper coloring
f of G such that f(v) ∈ L(v) for each v ∈ V (G) (we refer to f as a proper L-coloring of G).
A list assignment L is called a k-assignment for G if |L(v)| = k for each v ∈ V (G). We say
G is k-choosable if G is L-colorable whenever L is a k-assignment for G. Notice that unlike
equitable k-colorability, when a graph is k-choosable it immediately follows that it is also
2
(k + 1)-choosable.
In 2003, the third author along with Kostochka and West introduced a notion combining
equitable coloring and list coloring known as equitable choosability [15]. Suppose that L is
a k-assignment for graph G. An equitable L-coloring of G is a proper L-coloring f of G such
that f uses no color more than ⌈|V (G)|/k⌉ times. When an equitable L-coloring of G exists,
we say that G is equitably L-colorable. Graph G is equitably k-choosable if G is equitably
L-colorable whenever L is a k-assignment for G. It is important to note that, similar to
equitable coloring, making the lists larger may make equitable list coloring more difficult.
Indeed, K1,9 is equitably 4-choosable, but it is not equitably 5-choosable. Also, equitable
k-choosability does not imply equitable k-colorability unless k = 2 (see [22]).
It is conjectured in [15] that the Hajna´l-Szemere´di Theorem and the ∆-ECC hold in
the context of equitable choosability. Both of these conjectures have received quite a bit of
attention in the literature (see e.g., [13, 14, 16, 21, 33, 34, 35, 36]). We formally state this
second conjecture.
Conjecture 1 ([15]). A connected graph G is equitably k-choosable for each k ≥ ∆(G) if it
is different from Km, C2m+1, and K2m+1,2m+1.
1.2 List Vertex Arboricity and Equitable Vertex Arboricity
The study of vertex arboricity (a.k.a., point arboricity) began in the 1960s [1, 4]. Graph
G is vertex k-arborable if there is a k-coloring (not necessarily proper) f of G such that
for each color class f−1(c), G[f−1(c)] is acyclic (we call f an arborable, vertex k-coloring of
G 1). In 2000, Borodin, Kostochka, and Toft [2] introduced a list version of vertex arboricity.
If L is a list assignment for G, we say that G is L-arborable if there is an L-coloring (not
necessarily proper) f of G such that for each color class f−1(c), G[f−1(c)] is acyclic (we call
f an arborable L-coloring of G). Graph G is k-list arborable if for any k-assignment L for G,
G is L-arborable.2 In the study of list vertex arboricity, the following analogue of Brooks’
Theorem is a well-known result.
Theorem 2 ([2, 3]). Suppose G is a connected non-complete graph with ∆(G) ≥ 3. Then G
is k-list arborable whenever k ≥ ∆(G)/2.
In 2013, Wu, Zhang, and Li [26] introduced an equitable version of vertex arboricity.
Specifically, a graph G is equitably vertex k-arborable if there exists an arborable, vertex k-
coloring f of G such that the k color classes associated with f differ in size by at most one (we
call f an equitable, arborable, vertex k-coloring of G 3). As in the case of equitable coloring,
a graph that is equitably vertex k-arborable need not be equitably vertex (k + 1)-arborable.
Indeed, K9,9 is equitably vertex 2-arborable, but it is not equitably vertex 3-arborable. The
following conjecture of Wu, Zhang, and Li is well-known and has received some attention in
the literature (see e.g., [6, 23, 26, 29, 30, 31, 32]).
1Such a coloring is also referred to as a tree-k-coloring in the literature.
2We use terms like L-arborable and k-list arborable rather than terms like vertex L-arborable and vertex
k-list arborable since it is understood in this paper that all list assignments associate lists with vertices of a
graph.
3Such a coloring is also referred to as an equitable tree-k-coloring in the literature.
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Conjecture 3 (Equitable Vertex Arboricity Conjecture [26]). Graph G is equitably vertex
k-arborable whenever k ≥ ⌈(∆(G) + 1)/2⌉.
1.3 Equitable List Arboricity
In 2016, Zhang [28] introduced a list analogue of equitable vertex arboricity which is the
focus of this paper. Graph G is equitably k-list arborable if for every k-assignment L for G
there is an arborable L-coloring f of G such that each color class of f is of size at most
⌈|V (G)|/k⌉ (we call f an equitable, arborable L-coloring of G). Zhang made the following
conjecture which is a list analogue of the Equitable Vertex Arboricity Conjecture.
Conjecture 4 ([28]). Any graph G is equitably k-list arborable for each k satisfying k ≥
⌈(∆(G) + 1)/2⌉.
Complete graphs demonstrate the tightness of the bound in Conjecture 4 since it is easy
to prove that Kn is equitably k-list arborable if and only if k ≥ ⌈n/2⌉ = ⌈(1 + ∆(Kn))/2⌉.
Furthermore, all n-vertex graphs are equitably k-list arborable when k ≥ ⌈n/2⌉ because if G
is equitably k-list arborable, then any spanning subgraph of G must also be equitably k-list
arborable. Conjecture 4 has been verified for 2-degenerate graphs, 3-degenerate claw-free
graphs with maximum degree at least 4, and planar graphs with maximum degree at least
8 [28]. It has also been verified for d-dimensional grids when d ∈ {2, 3, 4} [6].
With the ∆-Equitable Coloring Conjecture, Conjecture 1, and Theorem 2 in mind, we
conjecture that the bound in Conjecture 4 can be improved for most connected graphs with
maximum degree that is even.
Conjecture 5. Any connected graph G is equitably ⌈∆(G)/2⌉-list arborable provided G is
neither a cycle nor a complete graph of odd order.
In this paper we will show that Conjecture 5 holds for several classes of graphs. It is
shown in [7] that Conjecture 5 holds for 3-dimensional grids with maximum degree 6.
1.4 Outline of the Paper
In Section 2 we begin by showing that, similar to the relationship between equitable
choosability and equitable colorability, it is not the case that for each k ∈ N if graph G is
equitably k-list arborable then G is equitably vertex k-arborable.4 In particular, we show
that K4,15 is not equitably vertex 3-arborable, but it is equitably 3-list arborable.
In [6], the authors state that they are not aware of any results in the literature that address
the question of: If graph G is equitably k-list arborable, must it follow that G is equitably
(k+1)-list arborable? We end Section 2 by demonstrating that the answer to this question is
no. In particular, we use a combination of probabilistic and algorithmic arguments to show
that K11,17 is equitably 3-list arborable, but it is not equitably 4-list arborable.
In Section 3 we verify Conjecture 5 for certain graphs. We begin by proving the following
results.
4When k ∈ {1, 2}, it is easy to prove that if G is equitably k-list arborable, then G is equitably vertex
k-arborable.
4
Proposition 6. Suppose n ≥ 3, G = Kn, and G
′ = G − e where e ∈ E(G). Then, G′ is
equitably k-list arborable whenever k ≥ ⌈∆(G′)/2⌉.
Proposition 7. Suppose G is a 2l-regular graph with l ≥ 2. If |V (G)| = 2l + 2, then G
equitably k-list arborable whenever k ≥ l.
Then, we improve upon a result in [28] and verify Conjecture 5 for 2-degenerate graphs.
Theorem 8. If G is a 2-degenerate graph with ∆(G) ≥ 3, then G is equitably k-list arborable
whenever k ≥ ⌈∆(G)/2⌉.
The following result along with Proposition 6 shows that Conjecture 5 holds for all powers
of paths.
Theorem 9. For n, p ∈ N, suppose that G = P pn . Then, G is equitably k-list arborable for
each k satisfying k ≥ p.
When n ≥ 2p and G = P pn , ⌈∆(G)/2⌉ = p and hence Conjecture 5 holds for G by
Theorem 9. When p + 1 < n < 2p, G = P pn is a spanning subgraph of a complete graph
on n vertices minus an edge which means G is equitably k-list arborable whenever k ≥
⌈(n − 1)/2⌉ = ⌈∆(G)/2⌉ by Proposition 6.
We end Section 3 by studying Conjecture 5 for graphs of maximum degree at most 4.
In Section 4 we give a generalization of a Lemma that was proven by Zhang in 2016 (see
Lemma 20 in Section 3 below). This generalization is a useful tool in recognizing a set S of
vertices in a graph G that would allow an extension of an equitable, arborable list coloring
of G− S to an equitable, arborable list coloring of G.
Lemma 10. Suppose m ∈ N and S = {x1, . . . , xmk} where x1, . . . , xmk are distinct vertices
of G. Suppose that L is a k-assignment for G, and L′ is the k-assignment for G−S obtained
by restricting the domain of L to V (G − S). Let f be an equitable, arborable L′-coloring of
G− S.
Suppose that there is an arborable D-coloring g of G[S] such that: g uses no color more
than m times and for each c ∈ g(S) there is at most one vertex v ∈ g−1(c) with the property
that c is dangerous with respect to v. Then, the function h : V (G)→
⋃
v∈V (G) L(v) given by
h(v) =
{
f(v) if v /∈ S
g(v) if v ∈ S
is an equitable, arborable L-coloring of G.
Above, D is the list assignment of S defined as D(v) = L(v) − {c ∈ L(v) : |f−1(c) ∩
NG(v)| ≥ 2}. We say that color c ∈ L(v) is dangerous with respect to v if |f
−1(c)∩NG(v)| = 1;
that is, a neighbor of v is already colored with c by f .
We use Lemma 10 to first improve Theorem 9 when p ≥ 3.
Proposition 11. Suppose n, p ∈ N, p ≥ 3, and G = P pn . Then, G is equitably (p − 1)-list
arborable.
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Suppose n ≥ p + 1. Then, G = P pn contains a complete graph on p + 1 vertices. So, it
is easy to see that G is not equitably k-arborable whenever k < ⌈(p + 1)/2⌉ (since it is not
even k-list arborable). This observation along with Theorem 9 and Proposition 11 lead us to
make the following Conjecture.
Conjecture 12. For any n, p ∈ N with n ≥ p+1, G = P pn is equitably k-list arborable if and
only if k ≥ ⌈(p + 1)/2⌉.
Notice that Theorem 9 and Proposition 11 tell us that Conjecture 12 is true for p =
1, 2, 3, 4. We end Section 4 by using Lemma 10 to prove Conjecture 4 for powers of cycles.
Theorem 13. Suppose that p ≥ 2 and n ≥ 2p + 2. If G = Cpn, then G is equitably k-list
arborable for each k satisfying k ≥ p+ 1.
We were not able to improve the bound of p + 1 to p in Theorem 13 which means that
Conjecture 5 has not been proven true for powers of cycles.
2 Some Interesting Examples
We will use the following trivial Proposition throughout this Section.
Proposition 14. Suppose G is a complete bipartite graph with bipartition X,Y , and L is
a list assignment for G. We have f is an arborable L-coloring of G if and only if f is an
L-coloring of G such that for each c in the range of f , |f−1(c) ∩X| ≤ 1 or |f−1(c) ∩ Y | ≤ 1.
Proof. The result immediately follows from the fact that any cycle contained in G must have
at least two vertices in each of the sets X, Y , and the fact that any subgraph of G induced
by a subset of V (G) with at least two vertices in each of the sets X, Y contains a cycle.
It is well-known that equitable k-choosability does not imply equitable k-colorability. We
now show that something similar is true in the context of vertex arboricity.
Proposition 15. Let G = K4,15. Then, G is not equitably vertex 3-arborable, and G is
equitably 3-list arborable.
Proof. Throughout the proof suppose that the bipartition of G is A = {a1, a2, a3, a4}, B =
{b1, b2, . . . , b15}.
First, we prove that G is not equitably vertex 3-arborable. For the sake of contradiction,
suppose that f : V (G)→ [3] is an arborable 3-coloring ofG. We know that |f−1(i)| is 6 or 7 for
each i ∈ [3]. Without loss of generality, suppose that |f−1(1)∩A| ≥ |f−1(2)∩A| ≥ |f−1(3)∩A|.
The Pigeonhole Principle and the fact that |A| = 4 then implies 2 ≤ |f−1(1)∩A| ≤ 4. Finally,
the fact that |f−1(1)| ≥ 6 implies that 2 ≤ |f−1(1) ∩ B|. Thus, G[f−1(1)] contains a cycle
which is a contradiction.
Now, we will prove that G is equitably 3-list arborable. We note that ⌈|V (G)|/3⌉ = 7, and
we suppose that L is an arbitrary 3-assignment for G. We will now construct an equitable,
arborable L-coloring of G. Notice that if there is no color in
⋃
v∈V (G) L(v) that appears in at
least 7 of the lists: L(b1), . . . , L(b15), we can begin by greedily coloring the vertices a1, . . . , a4
with colors from their respective lists so that no color is used more than twice and at most
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one color is used twice. Then, we can greedily color the vertices b1, . . . , b15 with colors from
their respective lists so that the color used twice on the vertices in A (if there is such a color)
is not used to color any vertices in B. The resulting coloring is clearly an arborable L-coloring
of G that uses no color more than 7 times.
So, we may suppose without loss of generality that there is a color c such that c ∈ L(bi)
for each i ∈ [7]. Suppose we color each vertex in {bi : i ∈ [7]} with c. Then, for each
v ∈ V (G) − {bi : i ∈ [7]}, let L
′(v) = L(v) − {c}. Notice that if there is a color d in at least
7 of the lists: L′(b8), . . . , L
′(b15) we can complete an equitable, arborable L-coloring of G as
follows. Begin by coloring 7 of the vertices in {b8, . . . , b15} that have d in their list with d,
and then greedily color the 5 remaining uncolored vertices with a color in their respective
lists so that none of these remaining 5 vertices get colored with c or d.
So, we may suppose that no color in
⋃
v∈V (G)−{bi:i∈[7]}
L′(v) appears in at least 7 of the
lists: L′(b8), . . . , L
′(b15). Notice that if there is a d ∈ L
′(ai) for each i ∈ [4], we can color
each vertex in A with d. Then, we can greedily color each of the vertices b8, . . . , b15 with a
color in their respective lists so that none of these remaining vertices get colored with c or d.
The resulting coloring is clearly an arborable (in fact proper) L-coloring of G that uses no
color more than 7 times. So, we may suppose that
⋂4
i=1 L
′(ai) = ∅. Since
⋂4
i=1 L
′(ai) = ∅,
it is possible to color each ai ∈ A with a color from L
′(ai) so that no color is used more
than twice and at most one color is used twice in coloring the vertices in A. Then, we can
greedily color the vertices b8, . . . , b15 with colors from their respective lists so that c and the
color used twice on the vertices in A (if there is such a color) is not used to color any vertices
of these vertices. The resulting coloring is clearly an arborable L-coloring of G that uses no
color more than 7 times.
We will now work towards showing that if graph G is equitably k-list arborable, G need
not be equitably (k + 1)-list arborable. In particular, we will show that K11,17 is equitably
3-list arborable, but it is not equitably 4-list arborable. To do this we begin by proving two
general propositions, and a lemma.
Proposition 16. Let G = Kn,m and k ∈ N. If n + m ≤ (k + 1)2
k − 1, then G is k-list
arborable.
Proof. Suppose that L is an arbitrary k-assignment for G, and suppose G has bipartition
X, Y with |X| = n and |Y | = m. Suppose we construct the sets CX and CY via the
following random process. For each c ∈
⋃
v∈V (G) L(v) flip a fair coin. If the coin lands
heads place c in CX ; otherwise, place c in CY . After this process has concluded, for each
v ∈ X if L(v) ∩ CX 6= ∅, color v with an element in L(v) ∩ CX . Similarly, for each v ∈ Y if
L(v)∩CY 6= ∅, color v with an element in L(v)∩CY . Clearly, the resulting (perhaps partial)
L-coloring is proper.
Now, for each v ∈ V (G), let Xv be the random variable that is equal to 1 if v is uncolored
and equal to 0 if v is colored. So,
∑
v∈V (G)Xv is the number of vertices in G that are
uncolored. Clearly, P [Xv = 1] = (1/2)
k . So, by linearity of expectation,
E

 ∑
v∈V (G)
Xv

 = n+m
2k
.
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Since n+m ≤ (k + 1)2k − 1, we see that ⌊E[
∑
v∈V (G)Xv]⌋ ≤ k.
Since
∑
v∈V (G)Xv is always an integer, there is a partial, proper L-coloring of G, f ,
that leaves at most k vertices uncolored. We can extend f to an arborable L-coloring of
G by coloring the vertices outside of the domain of f with pairwise distinct colors from
their respective lists (this is possible since there are at most k uncolored vertices and each
list contains k colors). Then, our resulting L-coloring is an arborable L-coloring of G by
Proposition 14.
Proposition 17. Let G be a complete bipartite graph with bipartition X, Y , and suppose L
is a 2-assignment for G such that there is no arborable L-coloring of G. Suppose there exists
a partial L-coloring f : X →
⋃
v∈X L(v) satisfying the following two conditions: (1) there
are two distinct colors a and b satisfying |f−1(a)| ≥ 2 and |f−1(b)| ≥ 2 and (2) for each
c ∈
⋃
v∈X L(v)− {a, b}, |f
−1(c)| ≤ 1. Then, |L−1({a, b}) ∩ Y | ≥ 3.
Proof. For the sake of contradiction suppose that |L−1({a, b}) ∩ Y | ≤ 2. Now, we obtain a
contradiction by extending f to an arborable L-coloring of G as follows. For each v ∈ Y
such that v /∈ L−1({a, b}), color v with a color in L(v) − {a, b}. Then, color the vertices in
L−1({a, b}) ∩ Y with distinct colors (if there are any such vertices). Our resulting L-coloring
is an arborable L-coloring of G by Proposition 14.
Lemma 18. Let G = K7,11 and L be a 2-assignment for G. Then, there is an arborable
L-coloring of G that uses no color more than 10 times.
Proof. Suppose the bipartition of G is X = {x1, . . . , x7}, Y = {y1, . . . , y11}. For the sake
of contradiction, suppose that L is a 2-assignment for G such that there is no arborable
L-coloring of G that uses no color more than 10 times. For each A ∈ {X,Y }, let ηA :⋃
v∈A L(v)→ N be the function given by ηA(c) = |{v ∈ A : c ∈ L(v)}|. Additionally, for each
A ∈ {X,Y }, let
mA = max
c∈
⋃
v∈A L(v)
ηA(c).
Note that if mY ≥ 10, we can assume without loss of generality that there is a color c ∈ L(yi)
for each i ∈ [10]. We can complete an arobrable L-coloring of G that uses no color more than
10 times by coloring y1, . . . , y10 with c and then coloring each v ∈ V (G)−{yi : i ∈ [10]} with
a color in L(v)− {c}. So, we know that mY ≤ 9, and the following Observation is clear.
Observation: If it is possible to color the vertices in X with colors from their respective
lists in such a way that at most one color, c, is used more than once, then by Proposition 14
we can obtain an arborable L-coloring of G by coloring each v ∈ Y with a color in L(v)−{c}.
This coloring cannot use a color more than 10 times since mY ≤ 9. So, it is impossible to
color the vertices in X with colors from their respective lists in such a way that at most one
color is used more than once.
Now, we know that mX must equal some element in [7]. We will now obtain a con-
tradiction in each of these 7 cases. We now pursue each of the seven cases in increasing order
of difficulty.
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In the case where mX ≥ 6, we can assume without loss of generality that there is a color
c ∈ L(xi) for each i ∈ [6]. We can color each of x1, . . . , x6 with c and then color x7 with a
color in L(x7)− {c}. This contradicts our Observation.
In the case where mX = 5, we can assume without loss of generality that there is a color
c ∈ L(xi) for each i ∈ [5]. We also know that c /∈ L(xi) when i = 6, 7. So, we can color
x1, . . . , x5 with c. Then, we can color x6, x7 with distinct colors from L(x6) and L(x7). This
contradicts our Observation.
In the case where mX ≤ 2, suppose we independently and randomly color each vertex
v ∈ A with a color from L(v) such that each color from L(v) has an equal chance of being
chosen. For each c ∈
⋃
v∈X L(v), let Xc be the random variable that is equal to 1 if the
color c is used twice in coloring the vertices of X and equal to 0 otherwise. Notice that when
ηX(c) = 2, we have that P [Xc = 1] = 1/4, and when ηX(c) = 1, we have that P [Xc = 1] = 0.
Since
∑
c∈
⋃
v∈X L(v)
ηX(c) = 14, there are at most seven elements in
⋃
v∈X L(v) that appear
in two of the lists: L(x1), . . . , L(x7). Consequently, E
[∑
c∈
⋃
v∈X L(v)
Xc
]
≤ 74 . Thus, there is
a way to color the vertices in X with colors from their respective lists such that at most one
color is used more than once. This contradicts our Observation.
Now, suppose thatmX = 4. We can assume without loss of generality that there is a color
c ∈ L(xi) for each i ∈ [4]. Now, we claim it must be the case that L(x5) = L(x6) = L(x7).
To see why, notice that if this was not the case, we could color each of the vertices: x1, . . . , x4
with c, and we could color x5, x6, x7 with pairwise distinct colors from L(x5), L(x6), L(x7)
respectively which contradicts our Observation. So, we may assume that L(x5) = L(x6) =
L(x7) = {c1, c2} where c, c1, c2 are pairwise distinct. We will now prove the desired by
considering two sub-cases: (1) |
⋃4
i=1 L(xi)| ≥ 4 and (2) |
⋃4
i=1 L(xi)| ≤ 3.
In sub-case (1) we can color x1, . . . , x4 with pairwise distinct colors from L(x1), L(x2),
L(x3), L(x4) respectively. Then, we can color each of x5, x6, x7 with c1 which contradicts our
observation.
In sub-case (2) we can assume without loss of generality that L(xi) = {c, c3} for each
i ∈ [2]. Clearly, c, c1, c2, c3 are pairwise disjoint (since each of them appear in at most 4
of the lists: L(x1), . . . , L(x7)). Also, we know that if ηX(c3) ≥ 3, then we may assume
L(x3) = {c, c3}; otherwise, we know L(x3) 6= L(x2) and L(x3) = L(x4). It is not hard to see
that it is possible to L-color the vertices in X in four different ways each of which satisfies
one of the following four conditions: (1) c is used 4 times and c1 is used 3 times, (2) c is
used 4 times and c2 is used 3 times, (3) c3 is used 2 or 3 times, c1 is used 3 times, and no
other color is used more than once, and (4) c3 is used 2 or 3 times, c2 is used 3 times, and
no other color is used more than once. By Proposition 17 we have |L−1({c, c1}) ∩ Y | ≥ 3,
|L−1({c, c2}) ∩ Y | ≥ 3, |L
−1({c3, c1}) ∩ Y | ≥ 3, and |L
−1({c3, c2}) ∩ Y | ≥ 3. This implies
|Y | ≥ 12 which is a contradiction.
Finally, we turn our attention to the case wheremX = 3. Let a be the number of elements
c ∈
⋃
v∈X L(v) that satisfy ηX(c) = 3. First, we claim that a ≥ 2. To see why this is so,
suppose a = 1. Then, independently and randomly color each vertex v ∈ A with a color
from L(v) such that each color from L(v) has an equal chance of being chosen. For each
c ∈
⋃
v∈X L(v), let Xc be the random variable that is equal to 1 if the color c is used at least
twice in coloring the vertices of X and equal to 0 otherwise. Notice that: when ηX(c) = 3,
we have that P [Xc = 1] = 1/2, when ηX(c) = 2, we have that P [Xc = 1] = 1/4, and when
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ηX(c) = 1, we have that P [Xc = 1] = 0. Since
∑
c∈
⋃
v∈X L(v)
ηX(c) = 14 and a = 1, there
are at most five elements in
⋃
v∈X L(v) that appear in two of the lists: L(x1), . . . , L(x7).
Consequently, E
[∑
c∈
⋃
v∈X L(v)
Xc
]
≤ 12 +
5
4 =
7
4 . So, we are able to proceed as we did in the
case where mX ≤ 2. This means we may assume that a ≥ 2. Now, we claim that there is no
c ∈
⋃
v∈X L(v) satisfying ηX(c) = 1. To see why this is so, suppose color o is such a color.
Suppose without loss of generality that L(x1) = {o, c}. Now, let L
′ be the 2-assignment for
G obtained from L by replacing the o in L(x1) with a color d 6= c satisfying ηX(d) = 3. By
following the argument used for the case where mX = 4, we know that we can obtain an
arborable L′-coloring f of G that uses no color more than 10 times. Now, if f(x1) = d modify
f by recoloring x1 with o; otherwise, do not modify f . The resulting coloring is clearly an
arborable L-coloring of G that uses no color more than 10 times which is a contradiction.
Now, let b be the number of elements c ∈
⋃
v∈X L(v) that satisfy ηX(c) = 2. By what we
have shown thus far, we know that 3a+2b = 14 and a ≥ 2. So, we will derive a contradiction
in each of the following sub-cases to complete the proof: (1) a = 2 and b = 4 and (2) a = 4
and b = 1. In each of these sub-cases we will assume without loss of generality that the color
c1 is such that c1 ∈ L(xi) for each i ∈ [3]. Also, we let X
′ = {x4, x5, x6, x7}, and we let
ηX′ :
⋃
v∈X′ L(v)→ N be the function given by ηX′(c) = |{v ∈ X
′ : c ∈ L(v)}|.
In sub-case (1) begin by coloring x1, x2, and x3 with c1. If there is a color o such that
ηX′(o) = 1, we assume without loss of generality that o ∈ L(x4) and we color x4 with o.
Since a = 2 it is not possible for L(x5) = L(x6) = L(x7). So, we can color x5, x6, x7 with
pairwise distinct colors from L(x5), L(x6), and L(x7). This contradicts our observation. So,
we may assume that minc∈
⋃
v∈X′ L(v)
ηX′(c) ≥ 2. Since maxc∈
⋃
v∈X′ L(v)
ηX′(c) ≤ 3, a = 2,
and
∑
c∈
⋃
v∈X′ L(v)
ηX′(c) = 8, it must be that the domain of ηX′ is of size 4 and ηX′ is
identically 2. It is then easy to see that we can color x4, x5, x6, x7 with pairwise distinct
colors from L(x4), L(x5), L(x6), and L(x7) respectively (simply consider the case where the
lists L(x4), L(x5), L(x6), L(x7) are pairwise distinct and the case where they are not pairwise
distinct). This however contradicts our observation.
In sub-case (2) we may suppose that c1, c2, c3, c4, d are pairwise distinct colors such that
ηX(ci) = 3 for each i ∈ [4] and ηX(d) = 2. Since
∑
c∈
⋃
v∈X′ L(v)
ηX′(c) = 8, we can complete
sub-case (2) by considering the three following situations: (a) there is a color z such that
ηX′(z) = 1 (note: z ∈ {c1, c2, c3, c4, d}), (b) the domain of ηX′ is of size 4 and ηX′ is identically
2, and (c) the domain of ηX′ is of size 3, |η
−1
X′ (3)| = 2, and |η
−1
X′ (2)| = 1.
For (a) we assume without loss of generality that z ∈ L(x4). Now, if it is not the case that
L(x5) = L(x6) = L(x7) we can proceed as we did at the beginning of sub-case (1). So, we
may assume that L(x5) = L(x6) = L(x7) = {c2, c3}. This means that we can assume without
loss of generality that L(x4) = {c4, d}, L(x3) = L(x2) = {c1, c4}, and L(x1) = {c1, d}. It is
now clear that it is possible to L-color the vertices in X in four different ways each of which
satisfies one of the following four conditions: (1) c1 is used 3 times, c2 is used 3 times, and
d is used once, (2) c1 is used 3 times, c3 is used 3 times, and d is used once, (3) c4 is used 3
times, c2 is used 3 times, and d is used once, and (4) c4 is used 3 times, c3 is used 3 times, and
d is used once. By Proposition 17 we have |L−1({c1, c2}) ∩ Y | ≥ 3, |L
−1({c1, c3}) ∩ Y | ≥ 3,
|L−1({c2, c4}) ∩ Y | ≥ 3, and |L
−1({c3, c4}) ∩ Y | ≥ 3. This implies |Y | ≥ 12 which is a
contradiction.
For (b) we may proceed as we did at the end of sub-case (1).
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For (c) we may assume without loss of generality that ηX′(c2) = ηX′(c3) = 3. Then,
it must be that ηX′(d) = 2 or ηX′(c4) = 2. If ηX′(d) = 2, we can assume without loss
of generality that L(x1) = L(x2) = L(x3) = {c1, c4}, L(x4) = L(x5) = {c2, c3}, L(x6) =
{c2, d}, and L(x7) = {c3, d}. Then, we can get a contradiction by proceeding in a fashion
like situation (a). Finally, if ηX′(c4) = 2, we can assume without loss of generality that
L(x1) = L(x2) = {c1, d}, L(x3) = {c1, c4}, L(x4) = L(x5) = {c2, c3}, L(x6) = {c2, c4},
and L(x7) = {c3, c4}. It is now clear that it is possible to L-color the vertices in X in four
different ways each of which satisfies one of the following four conditions: (1) c1 is used 3
times, c2 is used 3 times, and c4 is used once, (2) c1 is used 3 times, c3 is used 3 times, and
c4 is used once, (3) d is used 2 times, c2 is used 3 times, c1 is used once, and c4 is used
once, and (4) d is used 2 times, c3 is used 3 times, c1 is used once, and c4 is used once. By
Proposition 17 we have |L−1({c1, c2})∩Y | ≥ 3, |L
−1({c1, c3})∩Y | ≥ 3, |L
−1({d, c2})∩Y | ≥ 3,
and |L−1({d, c3}) ∩ Y | ≥ 3. This implies |Y | ≥ 12 which is a contradiction.
We are finally ready to show thatK11,17 is equitably 3-list arborable, but it is not equitably
4-list arborable.
Theorem 19. Let G = K11,17. Then, G is equitably 3-list arborable, but G is not equitably
4-list arborable.
Proof. Throughout the proof suppose the bipartition of G is X = {x1, . . . , x11}, Y =
{y1, . . . , y17}. First, we will show that G is not equitably 4-list arborable by constructing
a 4-assignment L for G for which there is no equitable, arborable L-coloring of G. Suppose
L is the 4-assignment for G that assigns the list {1, 2, 3, 4} to every vertex. For the sake
of contradiction, suppose that f is an equitable, arborable L-coloring of G. We know that
|f−1(i)| ≤ 7 for each i ∈ [4]. This along with the fact that |V (G)| = 28 implies |f−1(i)| = 7
for each i ∈ [4]. Without loss of generality, suppose that |f−1(1) ∩ X| ≥ |f−1(2) ∩ X| ≥
|f−1(3) ∩ X| ≥ |f−1(4) ∩ X|. By the fact that |X| = 11 and the Pigeonhole Principle,
2 ≤ |f−1(2)∩X| ≤ 5. So, |f−1(2)∩Y | ≥ 2, and we have that f is not an arborable L-coloring
of G by Proposition 14 which is a contradiction.
Now, we will show that G is equitably 3-list arborable. Suppose that L is an arbitrary
3-assignment for G. We will show that an arborable L-coloring of G that uses no color more
than ⌈|V (G)|/3⌉ = 10 times exists. Since |V (G)| = 28 ≤ 23(4)−1, we know that an arborable
L-coloring of G exists by Proposition 16. So, if each c ∈
⋃
v∈V (G) L(v) has the property that
it appears in no more than 9 of the lists: L(x1), . . . , L(x11) and no more than 9 of the lists:
L(y1), . . . , L(y17), we are done since any arborable L-coloring of G will also be equitable if
this holds.
So, we just need to construct an equitable, arborable L-coloring of G in the follow-
ing cases: (1) there is a c ∈
⋃
v∈V (G) L(v) such that c appears in at least 10 of the lists:
L(x1), . . . , L(x11) and (2) there is a c ∈
⋃
v∈V (G) L(v) such that c appears in at least 10
of the lists: L(y1), . . . , L(y17). In case (1) we can assume without loss of generality that
c ∈ L(xi) for each i ∈ [10]. Suppose we color each of x1, . . . , x10 with c. Then, for each
v ∈ V (G) − {xi : i ∈ [10]}, let L
′(v) = L(v) − {c}. Now, we can greedily color each vertex
x11, y1, . . . , y17 with a color assigned to the vertex by L
′ in such a way that no color is used
more than 10 times (the coloring need not be proper). This completes an equitable, arborable
L-coloring of G.
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For case (2) assume without loss of generality that c ∈ L(yi) for each i ∈ [10]. Suppose
we color each of y1, . . . , y10 with c. Then, for each v ∈ V (G) − {yi : i ∈ [10]}, let L
′(v) =
L(v) − {c}, and note that |L′(v)| ≥ 2. Lemma 18 then implies that there is an arborable
L′-coloring of G − {yi : i ∈ [10]} that uses no color more than 10 times. Such a coloring
completes an equitable, arborable L-coloring of G.
3 Verifying Conjecture 5 for Certain Graphs
We begin by verifying Conjecture 5 for graphs with high maximum degree.
Proposition 6. Suppose n ≥ 3, G = Kn, and G
′ = G − e where e ∈ E(G). Then, G′ is
equitably k-list arborable whenever k ≥ ⌈∆(G′)/2⌉.
Proof. The result clearly follows when n is even since we know: Conjecture 4 holds for
complete graphs, G′ is a spanning subgraph of a complete graph on n vertices, and when
n is even, ⌈∆(G′)/2⌉ = ⌈(n − 1)/2⌉ = n/2 = ⌈(∆(Kn) + 1)/2⌉. So, we may suppose that
n = 2l + 1 where l ∈ N. Similar to when n is even, since G′ is a spanning subgraph of
a complete graph on n vertices, we know that G′ is equitably k-list arborable whenever
k ≥ ⌈(∆(Kn) + 1)/2⌉ = l + 1. So, to complete the proof we need only show that G
′ is
equitably l-list arborable. Suppose that L is an arbitrary l-assignment for G. We will now
construct an equitable, arborable L-coloring f of G′ to complete the proof.
Suppose V (G′) = {v1, v2, . . . , v2l+1}, and without loss of generality, assume that v1v2l+1 /∈
E(G′). Begin by greedily coloring v1, . . . , v2l so that for each i ∈ [2l], f(vi) ∈ L(vi) and no
color is used more than twice in coloring v1, . . . , v2l. Then, let
L′(v2l+1) = L(v2l+1)− {c ∈ L(v2l+1) : c is used twice in coloring v1, . . . , v2l}.
Since dG′(v2l+1) = 2l − 1 and |L(v2l+1)| = l, we know that |L
′(v2l+1)| ≥ 1. So, we can color
v2l+1 so that f(v2l+1) ∈ L
′(v2l+1). By construction, f uses no color more than ⌈|V (G
′)|/l⌉ = 3
times, and the only color that can be used 3 times by f is f(v2l+1). However, since v2l+1 can
only be adjacent to at most one vertex colored with f(v2l+1), we know G[f
−1(f(v2l+1))] is
acyclic. Consequently, f is an equitable, arborable L-coloring of G′, and G′ is equitably l-list
arborable.
Proposition 7. Suppose G is a 2l-regular graph with l ≥ 2. If |V (G)| = 2l + 2, then G
equitably k-list arborable whenever k ≥ l.
Proof. The result is obvious when k > l. So, we need only show that G is equitably l-list
arborable.
For the sake of contradiction, suppose that G is not equitably l-list arborable. Let L be
an l-assignment for G for which there is no equitable, arborable L-coloring of G. Since G is
not a complete graph, by Theorem 2, we know that there is an arborable L-coloring of G.
Suppose f is an arborable L-coloring of G. Since f is not an equitable, arborable L-coloring
of G, we know that there is a c ∈
⋃
v∈V (G) L(v) such that |f
−1(c)| > ⌈|V (G)|/l⌉ = 3. Let
G′ = G[f−1(c)]. Note that for each v ∈ V (G′), v is not adjacent to exactly one vertex in
G. So, we have that dG′(v) ≥ |V (G
′)| − 2 ≥ 2 which implies that G′ contains a cycle. This
however contradicts the fact that f is an arborable L-coloring of G.
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We now improve upon a result in [28] and verify Conjecture 5 for 2-degenerate graphs.
Our proof uses the following Lemma.
Lemma 20 ([28]). Suppose S = {x1, . . . , xk} where x1, . . . , xk are distinct vertices of G.
Suppose that L is a k-assignment for G, and L′ is the k-assignment for G − S obtained by
restricting the domain of L to V (G−S). If an equitable, arborable L′-coloring of G−S exists
and
|NG(xi)− S| ≤ 2i− 1
for each i ∈ [k], then an equitable, arborable L-coloring of G exists.
Theorem 8. If G is a 2-degenerate graph with ∆(G) ≥ 3, then G is equitably k-list arborable
whenever k ≥ ⌈∆(G)/2⌉.
Proof. Our proof is by induction on |V (G)|. Note that the result is clear when |V (G)| = 4.
So, assume that |V (G)| > 4 and the desired result holds for all natural numbers above 3 and
less than |V (G)|. Suppose k satisfies k ≥ ⌈∆(G)/2⌉ (we may assume that k < |V (G)| since
G is clearly equitably k-list arborable whenever k ≥ |V (G)|).
Let L be an arbitrary k-assignment for G. Suppose that uv ∈ E(G) and dG(u) ≤ 2. Let
x1 = u and xk = v. We construct a subset S of V (G) via the following inductive process.
Begin by placing x1 and xk in S. Then if k ≥ 3, for each i ∈ {2, . . . , k − 1} let xi be
a vertex of degree at most 2 in the graph G − {x1, . . . , xi−1, xk} (such an xi exists since
G is 2-degenerate). Now, consider G − S and the k-assignment L′ for G − S obtained by
restricting the domain of L to V (G−S). Note G−S is 2-degenerate and ∆(G−S) ≤ ∆(G).
If ∆(G−S) ≤ 2, then an equitable, arborable L′-coloring of G−S exists by Theorem 5 in [28]
(since ⌈∆(G)/2⌉ ≥ 2 ≥ ⌈(∆(G− S) + 1)/2⌉). If ∆(G− S) ≥ 3, then an equitable, arborable
L′-coloring of G− S exists by the inductive hypotheses.
When k ≥ 3, it is clear that for each i ∈ {2, . . . , k − 1}, |NG(xi)− S| ≤ 2 ≤ 2i− 1. Also,
for all possible k, |NG(x1) − S| ≤ 1 = 2(1) − 1 and |NG(xk) − S| ≤ ∆(G) − 1 ≤ 2k − 1. So,
an equitable, arborable L-coloring of G exists by Lemma 20, and we have that G is equitably
k-list arborable.
The next Theorem along with Proposition 6 shows Conjecture 5 holds for powers of paths.
Theorem 9. For n, p ∈ N, let G = P pn . Then, G is equitably k-list arborable for each k
satisfying k ≥ p.
Proof. Suppose p is a fixed natural number. Suppose k is a fixed integer satisfying k ≥ p.
We will prove that G is equitably k-list arborable by induction on n. For the basis step note
that when n ≤ 2k − 1 the result is clear.
So, suppose that n ≥ 2k, and the desired result holds for all natural numbers less than
n. Suppose that the vertices of the underlying copy of Pn used to form G (in order) are:
v1, . . . , vn. Suppose also that L is an arbitrary k-assignment for G, and S = {v1, . . . , vk}.
Then, the inductive hypothesis tells us that an equitable, arborable L′-coloring of G−S exists
where L′ is the k-assignment for G−S obtained by restricting the domain of L to V (G−S).
Note that for each i ∈ [k],
|NG(vi)− S| = max{0, p − (k − i)} ≤ i ≤ 2i− 1.
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Thus, an equitable, arborable L-coloring of G exists by Lemma 20. It immediately follows
that G is equitably k-list arborable.
We end this section by focusing on Conjecture 5 for graphs with maximum degree at most
4.
Theorem 21. Suppose G is a graph with ∆(G) ≤ 4. Then, the following statements hold.
(i) If G has at most 3 vertices of degree 4, then G is equitably 2-list arborable.
(ii) If G is connected, 4-regular, and |V (G)| = 6, 7, 8, 9, 10, 11, 13, or 15, then G is equitably
2-list arborable.
Proof. Throughout our proof we let |V (G)| = n. For Statement (i), Suppose that G is a
counterexample to the desired statement with fewest vertices. Clearly, n ≥ 5. Suppose that
L is a 2-assignment for G for which there is no equitable, arborable L-coloring of G. There
must be a vertex v ∈ V (G) with dG(v) ≤ 3. Let G
′ = G−{v}, and let L′ be the 2-assignment
for G′ obtained by restricting the domain of L to V (G′). By the minimality of G, we know
that there is an equitable, arborable L′-coloring of G′ which we will call f ′.
Now, there must be some a ∈ L(v) such that |f ′−1(a) ∩ NG(v)| ≤ 1. So, we let f be
the L-coloring of G given by f(v) = a and f(u) = f ′(u) when u ∈ V (G′). Clearly, f is an
arborable L-coloring of G. Since f cannot be an equitable, arborable L-coloring of G it must
be that ⌈n
2
⌉
< |f−1(a)| = |f ′−1(a)|+ 1.
Since |f ′−1(a)| ≤ ⌈(n − 1)/2⌉, it must be the case that n = 2l for some l ∈ N and |f−1(a)| =
l + 1.
We let A = f−1(a) and B = V (G)− A. Note that |B| = l − 1 and no color other than a
is used by f more than l−1 times. We also let G1 be the forest G[A] and G2 = G[B]. Notice
that for each u ∈ A, u is adjacent to two vertices x, y ∈ B (in G) such that: f(x) ∈ L(u)−{a},
f(x) = f(y), and there is a path in G[f−1(f(x))] connecting x and y. This is because if this
was not the case, we could recolor u with the element in L(u)− {a} to obtain an equitable,
arborable L-coloring of G.
Now, let B be the set of two element subsets of B. Let F : A → B be a function that
maps each u ∈ A to an {x, y} ∈ B so that x, y ∈ NG(u), f(x) ∈ L(u) − {a}, f(x) = f(y),
and there is a path in G[f−1(f(x))] connecting x and y (in the case multiple elements of B
satisfy these conditions one of those elements is arbitrarily chosen for F (u)). Now, for each
z ∈ B, let mz =
∑
P∈B,z∈P |F
−1(P )|. Then, note that
∑
z∈B
mz = 2
∑
P∈B
|F−1(P )| = 2|A| = 2(l + 1).
It is clear that for each z ∈ B with mz ≥ 1, dG2(z) ≥ 1. We claim that for each z ∈ B,
mz ≤ 3. To see why this is so, suppose that there is a t ∈ B with mt ≥ 4. Note that mt ≥ 4
implies that t is adjacent to at least 4 vertices in A. This along with the fact that dG2(t) ≥ 1
implies dG(t) ≥ 5 > ∆(G) which is a contradiction.
So, for each z ∈ B, mz ≤ 3. Since |B| = l − 1, there must be four distinct vertices
t1, t2, t3, t4 ∈ B such that mti = 3 for each i ∈ [4]. This however implies that dG(ti) = 4 for
each i ∈ [4] which contradicts the fact that G has at most three vertices of degree 4.
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We now turn our attention to Statement (ii). For the sake of contradiction, suppose
that G is not equitably 2-list arborable. Let L be a 2-assignment for G for which there is
no equitable, arborable L-coloring of G. Since G is not a complete graph, by Theorem 2,
we know that there is an arborable L-coloring of G. Since there is no equitable, arborable
L-coloring of G, each arborable L-coloring of G must have exactly one color class with size
larger than ⌈n/2⌉. Among all arborable L-colorings of G, choose one, f , so that the largest
color class associated with f is as small as possible.
Suppose a is the color in
⋃
v∈V (G) L(v) for which |f
−1(a)| > ⌈n/2⌉. We let m = |f−1(a)|,
A = f−1(a), and B = V (G)−A. Note that |B| = n−m and no color other than a is used by
f more than ⌈n/2⌉− 1 times. We also let G1 be the forest G[A] and G2 = G[B]. Notice that
for each u ∈ A, u is adjacent to two vertices x, y ∈ B (in G) such that: f(x) ∈ L(u) − {a},
f(x) = f(y), and there is a path in G[f−1(f(x))] connecting x and y. This is because if this
was not the case, we could recolor u with the element in L(u)− {a} to obtain an arborable
L-coloring of G with every color class of size less than m.
Now, let B be the set of two element subsets of B. Let F : A → B be a function that
maps each u ∈ A to an {x, y} ∈ B so that x, y ∈ NG(u), f(x) ∈ L(u) − {a}, f(x) = f(y),
and there is a path in G[f−1(f(x))] connecting x and y (in the case multiple elements of B
satisfy these conditions one of those elements is arbitrarily chosen for F (u)). Now, for each
z ∈ B, let mz =
∑
P∈B,z∈P |F
−1(P )|. Then, note that
∑
z∈B
mz = 2
∑
P∈B
|F−1(P )| = 2|A| = 2m.
Similar to the proof of Statement (i), it is clear that for each z ∈ B with mz ≥ 1, dG2(z) ≥ 1,
and for each z ∈ B, mz ≤ 3.
Now, let T = {z ∈ B : mz ≥ 1}. Since
∑
z∈B mz = 2m and each term in the sum∑
z∈B mz is at most 3, we have that |T | ≥ ⌈2m/3⌉. Now, notice that |E(G)| = |E(G1)| +
|E(G2)|+ |EG(A,B)|. Using this equation as our starting point, we see that:
|E(G1)| = 2n − |E(G2)| − |EG(A,B)| = 2n−
∑
z∈B dG2(z)
2
−
∑
z∈B
(4− dG2(z))
= 2n− 4|B|+
∑
z∈B dG2(z)
2
= 2n− 4(n−m) +
∑
z∈B dG2(z)
2
≥ 4m− 2n+
∑
z∈T dG2(z)
2
≥ 4m− 2n+
|T |
2
≥ 4m− 2n+
⌈2m/3⌉
2
.
Now, we claim that m ≤ 4m−2n+ ⌈2m/3⌉2 . To why this is so, note that m ≥ ⌈n/2⌉+1. Then,
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when n ∈ {6, 8, 10}, it is easy to see that 2n ≤ 3(n/2 + 1) + ⌈(n+2)/3⌉2 ≤ 3m +
⌈2m/3⌉
2 , and
when n ∈ {7, 9, 11, 13, 15}, it is easy to see that 2n ≤ 3(n + 3)/2 + ⌈(n+3)/3⌉2 ≤ 3m+
⌈2m/3⌉
2 .
So, we have that |E(G1)| ≥ m. Since G1 is a graph on m vertices, we have that G1
contains a cycle which implies that f is not an arborable L-coloring of G. This however is a
contradiction.
It is worth mentioning that in some sense Statement (i) of Theorem 21 is best possible
since K5 is not equitably 2-list arborable, but K5 minus an edge is equitably 2-list arborable.
Also, in light of Conjecture 5, we suspect that all connected, 4-regular graphs with the
exception of K5 are equitably 2-list arborable. So, we expect that Statement (ii) can be
improved quite a bit.
4 A General Tool and its Applications
We will now prove a generalization of Lemma 20 which was used in the previous Section
and proven by Zhang in 2016. 5
First, we need some terminology. Suppose G is a graph and S ⊆ V (G). Suppose L is a
k-assignment for G, and suppose L′ is the k-assignment for G−S obtained by restricting the
domain of L to V (G − S). Suppose that f is an equitable, arborable L′-coloring of G − S.
Now, for each v ∈ S, let
D(v) = L(v)− {c ∈ L(v) : |f−1(c) ∩NG(v)| ≥ 2}.
Moreover, for each v ∈ S, let Dd(v) = {c ∈ L(v) : |f
−1(c) ∩NG(v)| = 1} and Ds(v) = {c ∈
L(v) : |f−1(c) ∩NG(v)| = 0}. Clearly, {Dd(v),Ds(v)} is a partition of D(v). If c ∈ Dd(v) we
say that color c is dangerous with respect to v, and if c ∈ Ds(v) we say that color c is safe
with respect to v.6 Using this notation, the following Observation is immediate.
Observation 22. If v ∈ S and |NG(v)−S| = t, then |D(v)| ≥ k−⌊t/2⌋ and |Ds(v)| ≥ k− t.
We are now ready to prove Lemma 10, which we restate.
Lemma 10. Suppose m ∈ N and S = {x1, . . . , xmk} where x1, . . . , xmk are distinct vertices
of G. Suppose that L is a k-assignment for G, and L′ is the k-assignment for G−S obtained
by restricting the domain of L to V (G − S). Let f be an equitable, arborable L′-coloring of
G− S.
Suppose that there is an arborable D-coloring g of G[S] such that: g uses no color more
than m times and for each c ∈ g(S) there is at most one vertex v ∈ g−1(c) with the property
that c is dangerous with respect to v. Then, the function h : V (G)→
⋃
v∈V (G) L(v) given by
h(v) =
{
f(v) if v /∈ S
g(v) if v ∈ S
is an equitable, arborable L-coloring of G.
5Lemma 20 is similar in flavor to Lemma 3.1 in [15] which is a well-known Lemma that, along with its
generalizations, has been used by many researchers to prove results about equitable choosability.
6From this point onward, we use these names for the lists whenever we are deleting a set S of vertices from
a graph G in hopes of extending an equitable, arborable list coloring of G − S to an equitable, arborable list
coloring of G.
16
Proof. Clearly, h is an L-coloring of G. We will first show that h is an arborable L-coloring
of G; that is, we will show that for each color c in the range of h, G[h−1(c)] is acyclic. Note
that h−1(c) = f−1(c) ∪ g−1(c). We know that G[f−1(c)] and G[g−1(c)] are vertex disjoint,
and each of these graphs is acyclic. Since there is at most one vertex v ∈ g−1(c) with the
property that c is dangerous with respect to v, we know that there is at most one vertex
in g−1(c) that is adjacent in G to a vertx in f−1(c). Moreover, such a vertex can only be
adjacent to exactly one vertex in f−1(c). Thus, G[h−1(c)] is either G[f−1(c)] + G[g−1(c)]
or G[f−1(c)] +G[g−1(c)] with a single edge added between one vertex of G[f−1(c)] and one
vertex of G[g−1(c)]. Since adding a single edge between two vertex disjoint forests cannot
create a cycle, it follows that G[h−1(c)] is acyclic.
Finally, to see that h is an equitable, arborable L-coloring of G, notice that since f uses
no color more than ⌈|V (G − S)|/k⌉ = ⌈|V (G)|/k⌉ −m times and g uses no color more than
m times, h uses no color more than ⌈|V (G)|/k⌉ times.
We now use Lemma 10 to improve upon Theorem 9 when p ≥ 3.
Proposition 11. Suppose n, p ∈ N, p ≥ 3, and G = P pn . Then, G is equitably (p − 1)-list
arborable.
Proof. Suppose that p is a fixed natural number satisfying p ≥ 3. We will prove the desired
result by induction on n. The result is obvious when n ≤ 2p−2. So, suppose that n ≥ 2p−1
and that the desired statement holds true for all natural numbers less than n.
Suppose that the vertices of the underlying copy of Pn used to form G (in order) are:
v1, . . . , vn. Suppose also that L is an arbitrary (p−1)-assignment forG, and S = {v1, . . . , v2p−2}.
Then, the inductive hypothesis tells us that an equitable, arborable L′-coloring f of G − S
exists where L′ is the k-assignment for G − S obtained by restricting the domain of L to
V (G − S). In order to show that there is an equitable, arborable L-coloring of G, we will
construct an arborable D-coloring of G[S] that satisfies the hypotheses of Lemma 10.
We begin with several observations. First, for each i ∈ [p − 2], Ds(vi) = D(vi) = L(vi)
which implies |Ds(vi)| = p− 1. Second, since vp−1 has one neighbor in G− S, we know that
|D(vp−1)| = p− 1 and |Ds(vp−1)| ≥ p− 2. Also, for each i ∈ {p+ 1, . . . , 2p− 2}, since vi has
at most i− p+ 2 neighbors in G− S,
|D(vi)| ≥ (p − 1)−
⌊
i− p+ 2
2
⌋
.
From this inequality it is easy to verify that |D(vi)| ≥ 2p−1−i for each i ∈ {p+1, . . . , 2p−2}.
Finally, one of the following statements must be true since vp has at most two neighbors in
G−S: (1) |D(vp)| = p− 1 or (2) |D(vp)| = p− 2. We will construct an arborable D-coloring
of G[S] that satisfies the hypotheses of Lemma 10 in each of these cases.
In case (1) begin by greedily coloring the vertices v2p−2, . . . , vp with p−1 pairwise distinct
colors from D(v2p−2), . . . ,D(vp) respectively (this is possible since in case (1) we have that
|D(vi)| ≥ 2p−1−i for each i ∈ {p, . . . , 2p−2}). Note that vi may be colored with a dangerous
color with respect to vi for each i ∈ {p, . . . , 2p−2}. Then, greedily color vp−1, . . . , v1 with p−1
pairwise distinct colors from Ds(vp−1), . . . ,Ds(v1) respectively. Call the resulting coloring of
G[S], g. It is easy to see that g uses no color more than two times and is therefore an
arborable D-coloring of G[S]. Furthermore, by construction, for each color class C of g there
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is at most one vertex v ∈ C that is colored with a color in Dd(v). Lemma 10 immediately
implies that there is an equitable, arborable L-coloring of G.
In case (2) begin by greedily coloring the vertices v2p−2, . . . , vp+1, vp−1 with p−1 pairwise
distinct colors fromD(v2p−2), . . . ,D(vp+1),D(vp−1) respectively (this is possible since we have
that |D(vp−1)| = p−1 and |D(vi)| ≥ 2p−1−i for each i ∈ {p+1, . . . , 2p−2}). Note that vi may
be colored with a dangerous color with respect to vi for each i ∈ {p−1, p+1, . . . , 2p−2}. Now,
notice that in case (2) we must have thatD(vp) = Ds(vp). So, we greedily color vp, vp−2, . . . , v1
with p − 1 pairwise distinct colors from Ds(vp),Ds(vp−2), . . . ,Ds(v1) respectively (this is
possible since |Ds(vp)| ≥ p − 2 ≥ 1). Call the resulting coloring of G[S], g. It is easy to
see that g uses no color more than two times and is therefore an arborable D-coloring of
G[S]. Furthermore, by construction, for each color class C of g there is at most one vertex
v ∈ C that is colored with a color in Dd(v). Lemma 10 immediately implies that there is an
equitable, arborable L-coloring of G.
Finally, we use Lemma 10 to prove Conjecture 4 for powers of cycles.
Theorem 13. Suppose that p ≥ 2 and n ≥ 2p + 2. If G = Cpn, then G is equitably k-list
arborable for each k satisfying k ≥ p+ 1.
Proof. Suppose p is a fixed integer satisfying p ≥ 2, and suppose that k is a fixed integer
satisfying k ≥ p+1. We will prove the result by induction on n. Notice that when n satisfies
2p+ 2 ≤ n ≤ 2k the desired result is obvious.
So, we may assume that n > 2k. Suppose that the vertices of the underlying copy of Cn
used to form G in cyclic order are: v1, . . . , vn. Suppose that L is an arbitrary k-assignment
for G, and let S = {v1, . . . , v2k}. Notice that G − S is a copy of P
p
n−2k. So, Theorem 9 tells
us there is an equitable, arborable L′-coloring f of G − S where L′ is the k-assignment for
G − S obtained by restricting the domain of L to V (G − S). In order to show that there is
an equitable, arborable L-coloring of G, we will construct an arborable D-coloring of G[S]
that satisfies the hypotheses of Lemma 10.
It is easy to see that for each i ∈ [k], |NG(vi)−S| ≤ max{p+1−i, 0} and |NG(vk+i)−S| ≤
max{p + i − k, 0}. This implies that for each i ∈ [k], |Ds(vi)| ≥ k − max{p + 1 − i, 0} ≥ i.
So, we can greedily color v1, . . . , vk with k pairwise distinct colors from Ds(v1), . . . ,Ds(vk)
respectively. Similarly, for each i ∈ [k], |Ds(vk+i)| ≥ k − max{p + i − k, 0} ≥ k − i +
1. Consequently, we can greedily color v2k, . . . , vk+1 with k pairwise distinct colors from
Ds(v2k), . . . ,Ds(vk+1) respectively. Call the resulting coloring of G[S], g.
It is easy to see that g uses no color more than two times and is therefore an arborable
D-coloring of G[S]. Furthermore, by construction, for each v ∈ S, g(v) is safe with respect to
v. Lemma 10 immediately implies that there is an equitable, arborable L-coloring of G.
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